is an isomorphism of the affine group onto a multiplicative group of (w+l)X(«+l) matrices.
Addition of transformations is not mentioned in 1-4. This is in contrast to theorems about linear transformations such as, "The linear transformations form a simple ring." One reason why addition of affine transformations has been avoided is that affine transformations do not form a ring but only a near-ring [2; 3] .
The following unfamiliar facts about this near-ring are analogues of 1-4:
Presented to the Society, September 2, 1955 ; received by the editors June 16,1955.
I. The affine transformations (singular ones included) form a nearring with commutative addition.
II. The constant transformations, i.e. those A with P = 0, form the unique maximal two-sided ideal of the near-ring of affine transformations.
III. The quotient near-ring of affine transformations modulo constant transformations is isomorphic to the simple ring of linear transformations.
IV. If V is finite-dimensional with basis («i, • • • , a,), let M be the matrix of T and B the coordinate ra-tuple of ß with respect to the given basis. The correspondence
is an isomorphism onto a near-ring of (ra + l)X(ra + l) matrices. The nondistributive element e adjoined to F satisfies the following laws:
ee = e, e + e = e, fe = ef = f for all/inF.
A near-ring is an algebraic system which satisfies all the usual ring axioms except possibly one distributive law and the commutative law of addition. The proof that the linear transformations of a vector space over a field satisfy the ring axioms can be translated into a proof that the affine transformations of the vector space satisfy all of these axioms except the right distributive law. This shows that the constant transformations are a two-sided ideal of the affine transformations.
Since two affine transformations Ai and A2 are in the same residue class modulo the constant transformations if and only if Ti = T%, III is obvious. Because the image of a two-sided ideal of a near-ring under a near-ring homomorphism is a two-sided ideal, the simplicity of the ring of linear transformations implies by III that every twosided ideal of the affine transformations is contained in the ideal of constant transformations.
This completes the proof of II. IV follows by direct computation.
